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ABSTRACT
Utilizing techniques suggested by the recently obtained construction
of off-shell spinning particles, we propose the arbitrary N -extension of
supersymmetry for the KdV system. It is further suggested that the ℵ0
extension for the SKdV system provides a paradigm for all supersymmetric
completely integrable systems.
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1 Introduction
The topic of integrable or completely solvable systems is one with a long history
having perhaps its best known origin in an observation of John Scott Russell2 in 1834
[1]. Almost sixty years later the mathematical setting for this class of theories was
established [2]. Finally one-hundred and fifty years later, explorations of the con-
nection between supersymmetry and integrable systems began in earnest [3, 4]. The
topic of integrable systems has also been found to coalesce with relativistic particle
and spinning particles [5] in an unexpected way wherein the KdV and SKdV Lax
operators can be found by use of an appropriate set of variables [6]. Due to this
last observation, advances in our understanding of the spinning particle quite natu-
rally should have consequences for our understanding of SKdV systems. Along this
line of thought, we [7] have recently been able to give, for the first time, an off-shell
description of the spinning particle for arbitrary N , the degree of the supersymme-
try extension. Since N is an arbitrarily large integer, the set of all such integers
constitutes a representation of ℵ0, the “smallest” transfinite number.
In the present brief note, we wish to show that the off-shell momentum multiplet
of the ℵ0 supersymmetric spinning particle appears to provide the fundamental su-
persymmetric representation for the construction of the supersymmetric extension of
the KdV equation. We show that the well known cases of the N = 1 and N = 2
[4] theories are “naturally” embedded in a simple algebraic structure. Extending this
embedding to the entire structure suggests a form for the supersymmetric extension
for arbitrary values of N . We discuss the cases of N = 3, 4 and compare to the
suggestion of Delduc and Ivanov [8] for the SKdV system. We end our letter with
a conjecture that the structure we have found is universal for all supersymmetric
integrable systems.
2 A Universal Supersymmetry Representation for
Integrable Systems
In a related work [9], we have shown that associated with the off-shell spinning
particle coordinate there is a “momentum multiplet.” One such multiplet occurs for
each coordinate of the spinning particle. After a certain transformation, the compo-
nent fields (wi
j(x, t), ξI(x, t), ξi
kˆ(x, t), u(x, t) ) of the multiplet have supersymmetry
2In a somewhat jocular way, we may say this was, perhaps the first experimental observation of
supersymmetry in Nature.
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variations given by
δQ wi
j = −i 2αI [ (fI J)i
j ξJ + (RI)kˆ
j ξi
kˆ ] ,
δQ ξI = αI u + d
−1αJ (fI J)j
i ∂xwi
j ,
δQ ξi
kˆ = −αI [ (LI)j
kˆ ∂xwi
j + d−1 (LJ)i
kˆ (fI J)j
l ∂xwl
j ] ,
δQ u = −i 2αI ∂xξI .
(2.1)
here d = 2, wi
i = (RI)kˆ
iξi
kˆ = 0. (See [7] for notational conventions as well as the
appendix.) For our purposes, it is also useful to introduce the following decomposition
wi
j ≡ (fI J)i
jwI J + ŵi
j and (fI J)j
iŵi
j ≡ 0. The field u corresponds to a momentum
of a single coordinate of the spinning particle.
Alternately, we may take the 3D, ℵ0 supersymmetric abelian Yang-Mills multiplet
with field content (Bi
j, λα kˆ
i, Aa) and supersymmetry variations [7],
δQBi
j = ǫα I (LI)k
kˆ
[
δi
kλα kˆ
j − d−1δi
jλα kˆ
k
]
,
δQλα kˆ
k = iǫβ I (RI)kˆ
j(γa)αβ
[
∂aBj
k + 12 d
−1 δj
kǫa
bcFbc
]
,
δQAa = iǫ
α I (LI)k
kˆ (γa)αβ λ
β
kˆ
k .
(2.2)
(where Bi
i = 0), as a starting point. We next separate the gaugini according to the
definition
λα kˆ
i = d−1
[
(RI)kˆ
iλI + λ̂α kˆ
i
]
, (LI)i
kˆλ̂α kˆ
i = 0 , (2.3)
where upon the variations in (2.2) take the forms,
δQBi
j = ǫα I
[
(fI J)i
j λα J + (LI)i
kˆ λ̂α kˆ
j
]
,
δQλα I = i ǫ
β J(γa)αβ
[
1
2δI Jǫa
b cFb c − d
−1 (fI J)i
j( ∂aBj
i )
]
,
δQλ̂α kˆ
k = i ǫβ J(γa)αβ
[
(RI)kˆ
i( ∂aBi
k ) − d−1 (RI)kˆ
k (fI J)i
j( ∂aBj
i )
]
,
δQAa = − iǫ
α I (γa)αβ λ
β
I → δQ
(
ǫa b cF
b c
)
= −i2ǫα Iǫa b c(γ
b)αβ∂
cλβI ,
(2.4)
after rescaling Bi
j → d−1Bi
j . Next we perform a reduction from 3D to 1D defined by
∂a → (0, ∂x, 0) , Aa(t, x, y) → (0, 0, Ay(x)) , ǫa b cF
b c → 2 (∂xAy, 0, 0) ,
(2.5)
and demand the consistency of the condition δQAt = δQAx = 0. These consistency
conditions lead to 1D spinors (i.e. solutions take the forms λα
I = auα(−)ξ
I, λα kˆ
k =
buα(+)ξkˆ
k where uα(±) are the eigenspinors for (γy)α
β and a and b are constants)
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that when substituted back into (2.4) yield a set of transformations equivalent to
(2.1) with the mappings ∂xAy → u, Bi
j → wi
j, λα I → ξI and λ̂α kˆ
k → ξi
kˆ. So both
the ℵ0 spinning particle as well as the 3D ℵ0 supersymmetric abelian Yang-Mills
multiplet lead to the same result.
In order to see how (2.1) is related to the standard known constructions of N
= 1 and N = 2 SKdV [4], we define (LI)i
kˆ = (−I, iσ2̂ ), (RI)kˆ
i = ( I, iσ2̂ ) and
(fI J)i
j = −i ǫI J
(
σ2̂
)
i
j where
(
σ2̂
)
i
j denotes the usual second 2 × 2 Pauli matrix.
From the constraints on wi
j and ξi
kˆ it follows that
wi
j = w
(
iσ2̂
)
i
j + w3̂
(
σ3̂
)
i
j + w1̂
(
σ1̂
)
i
j ,
≡ w
(
iσ2̂
)
i
j + ŵi
j ,
ξi
kˆ = ξ 1̂
(
σ1̂
)
i
kˆ + ξ 3̂
(
σ3̂
)
i
kˆ .
(2.6)
In general the off-shell representation in (2.1) is reducible. This feature is seen by
writing out the supersymmetry variations of (2.1) in terms of the variables defined in
(2.6). A primary irreducible submultiplet is provided by (w, ξI, u) and a secondary
irreducible submultiplet is provided by (w1̂, w3̂, ξ 1̂, ξ 3̂). They have the respective
transformations laws,
δQ w = i 2αIǫI JξJ ,
δQ ξI = αI u + αJ ǫIJ∂xw ,
δQ u = −i 2αI ∂xξI ,
(2.7)
and separately the transformations laws,
δQ ŵi
j = −i 2αI (RI)kˆ
j ξi
kˆ ,
δQ ξi
kˆ = −αI [ (LI)j
kˆ ∂xŵi
j + d−1 (LJ)i
kˆ (fI J)j
l ∂xŵl
j ] .
(2.8)
The reader familiar with the literature of the SKdV equation will immediately
recognize (2.7) as a form of the supersymmetric multiplet that is known to occur in
SKdV theories. In order to impose the condition that the multiplet of (2.1) should
obey the dynamics of the SKdV equations, we must impose two conditions
0 = (fI J)j
i
[
∂t wi
j + ∂3xwi
j + 6d−1wk
lwl
k∂xwi
j − 3 ∂x(uwi
j)
]
,
0 = ŵj
k .
(2.9)
The first supersymmetry variation of these yield,
0 = ∂tξI + ∂
3
xξI − 6∂x(w
2ξI ) − 3∂x( uξI ) − 3ǫI J∂x(w∂xξJ ) ,
0 = ξi
kˆ .
(2.10)
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Next and finally the second supersymmetry variation yields
0 = ∂tu + ∂
3
xu − 6u∂xu − 6∂x( uw
2 ) + 3∂x(w∂
2
xw )
− i 6∂x( ξI∂xξI ) + i 12 ǫI J∂x(wξIξJ ) ,
0 = ∂xŵi
k .
(2.11)
The second equation of (2.11) is already satisfied due to the second equation of (2.9).
The first equation of (2.11) is just the supersymmetrically extended version of the
KdV equation3.
The equations (2.9), (2.10) and (2.11) can be summarized very succinctly in terms
of superfields. Let AI J be defined by the rhs of the first line of (2.9). Similarly
introduce a superfield Ωi
j whose lowest component corresponds to the second line
of (2.9). Introduce a superspace covariant derivative denoted by DI. The first lines
of (2.9), (2.10) and (2.11) then take the respective forms AI J = 0, DJAI J = 0 and
DIDJAI J = 0. The second lines of (2.9), (2.10) and (2.11) then take the respective
forms Ωi
j = 0, DJΩi
j = 0 and DIDJΩi
j = 0.
3 ℵ0 Supersymmetry and the Korteweg de Vries
Equation
It may seem that so far, all we have done is a recapitulation of the standard and
well established SKdV system. In fact, we have much much more. This is implicit in
the seemingly strange notation in which we cast our beginning. The point is that the
form of the 2 × 2 Pauli matrices is dictated if we view these as a representation of a
general algebraic structure that we denote by GR(d, N) (dimension d and rank N).
Any matrix representation consists of N linearly independent, d × d, real matrices
(denoted by LI) that satisfy a general real (≡ GR) Pauli algebra
LI RJ + LJRI = − 2 δI J I , RI LJ + RJLI = − 2 δI J I , (3.1)
where the (RI) matrices are defined by (LI)ikˆ + (RI)kˆi = 0, I = 1, ..., N and i, kˆ =
1, ..., d. We emphasize that our L and R matrices are to be manipulated using Van der
Waerden techniques. For our later convenience, we define the “complex structure”
3It is interesting to note that the first equation of (2.9) corresponds to the choice a = 1 of
reference [4]. This is the only value of this parameter that is consistent with the matrix structure
of (2.1)
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matrices associated with the GR(d, N) algebras by (fI J)i
j ≡ 12(LIRJ − LJRI)i
j and
(f˜I J)kˆ
lˆ ≡ 12(RILJ − RJLI)kˆ
lˆ.
An explicit representation of these GR(d, N) algebras can be found in our works
[7, 9]. The first discussion of this type of real Clifford algebra was given by Okubo [10]
and this algebraic structure has also been noted in a study of 3D non-linear σ-models
[11].
One additional algebraic structure that we find useful to introduce is what we call
UGR defined by
UGR =
∑
N
⊕GR(N) . (3.2)
It is a simple matter to show that the transformations in (2.1) close uniformly on
all of the fields
[ δQ (α1) , δQ (α2) ] = i 4α1
I α2
I∂τ , (3.3)
without the use of equations of motion. This is a consequence of (3.1). However, the
more useful observation is that the transformations in (2.1) are “UGR-covariant.” By
this we mean that for each value of N there exist d × d matrices contained in UGR
for which the algebra in (3.3) can be shown to close. Furthermore, the equations of
(2.9) are also UGR-covariant. Thus, we may say that (2.1) together with (2.9) defines
an ℵ0 supersymmetric extension of the known SKdV equations!
4 Proposed Extensions for N = 3, 4 SKdV
In order to demonstrate the significance of the statements at the end of the last
section, we believe it is useful to explicitly show what the UGR-covariant formalism
suggests as N = 3, 4 SKdV theories. We begin with the N = 3 theory (d = 4) where
the GR-Van der Waerden (1,1) tensors are denoted by
(I)ikˆ , (LI)ikˆ , (EI)ikˆ , (LIEJ)ikˆ , (4.1)
and have multiplicities 1 + 3 + 3 + 9. The (2,0) GR-Van der Waerden tensors have
the same multiplicities and are denoted by
(I)ij , (fI)ij , (FI)ij , (fIFJ)ij , (4.2)
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where (EI) i kˆ(EJ) j kˆ = δI J δi j + ǫI JK(FK)i j. The N = 3 quantities wi
j and ξi
kˆ take
the forms
wi
j = wI (fI)i
j + ŵI (FI)i
j + ŵI J (fIFJ)i
j ,
≡ wI (fI)i
j + ŵi
j ,
ξi
kˆ = ξδi
kˆ + ξ̂I (EI)i
kˆ + ξ̂I J (LIEJ)i
kˆ .
(4.3)
For the N = 4 theory (d = 4) we must introduce two types of indices I = 1, 2, 3,
4 and Î = 1, 2, and 3. The GR-Van der Waerden (1,1) tensors are denoted by
(LI)ikˆ ,
(
Ê
I
)
ikˆ
,
(
fI JEK̂
)
ikˆ
, (4.4)
and have multiplicities 4 + 3 + 9. The GR-Van der Waerden (2,0) tensors have the
multiplicities (the (0,2) tensors have the same decomposition) 1 + 3 + 3 + 9 and are
denoted by
(I)ij , (fI J)ij ,
(
F
K̂
)
ij
,
(
fI JFK̂
)
ij
. (4.5)
The tensorial quantities in (4.5) satisfy antisymmetry and self-duality conditions
(fI J) = − (fJ I) ,
(
fI JFK̂
)
= −
(
fJ IFK̂
)
,
(fI J) =
1
2ǫI JKL (fKL) ,
(
fI JFK̂
)
= 12ǫI JKL
(
fKLFK̂
)
. (4.6)
The N = 4 quantities wi
j and ξi
kˆ take the forms
wi
j = wI J (fI J)i
j + ŵK̂
(
F
K̂
)
i
j + ŵI J K̂
(
fI JFK̂
)
i
j ,
≡ wI J (fI J)i
j + ŵi
j ,
ξi
kˆ = ξ̂ Î
(
Ê
I
)
i
kˆ + ξ̂I J K̂
(
fI JEK̂
)
i
kˆ .
(4.7)
At this stage, there are some fundamental differences between (4.3) and (4.7) that
are very important. In the N = 3 case, we note that the number of components of
ŵi
j is equal to the sum of the numbers of ξ̂I and ξ̂I J. This is a signal that an off-shell
N = 3 theory occurs if we only retain wI and ξ. The primary N = 3 irreducible
off-shell submultiplet consists of (wI, ξI, ξ, u). This is very different from the N = 4
case. There we see that the number of components of ŵi
j is equal to the number of
components of ξi
kˆ. In the N = 4 case an off-shell formulation occurs if we retain only
wI J. The primary N = 4 irreducible off-shell multiplet consists of (wI J, ξI, u). The
primary N = 3 and N = 4 submultiplets have exactly the same number of fields and
with their respective transformation laws derived from (2.1) as
δQwI = i2αI ξ − i2 ǫI JKαJξK , δQ ξ = −αI ∂xwI ,
δQ ξI = αI u − ǫI JKαJ∂xwK , δQ u = −i 2αI ∂xξI ,
(4.8)
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for N = 3 theory and as
δQwI J = i2α[I ξJ] + i2 ǫI JKLαKξL ,
δQ ξI = αI u − αJ∂xwI J ,
δQ u = −i 2αI ∂xξI .
(4.9)
for N = 4 theory.
Now we are exactly in the same position as with the N = 2 theory. We begin
again with (2.9). Applying one supersymmetry variation leads to the N = 3, 4 analog
of (2.10). Applying a second supersymmetry variation leads to the N = 3, 4 analog of
(2.11). However, it is amusing to note that our proposal for the N= 4 SKdV equation
is almost identical in form to the N = 2 theory,
0 = ∂tu + ∂
3
xu − 6u∂xu − 3∂x( uwI JwI J ) +
3
2∂x(wI J∂
2
xwI J )
− i 6∂x( ξI∂xξI ) + i 12 ∂x(wI JξIξJ ) .
(4.10)
We caution the reader that the cases of N ≤ 4 are the exception rather than the
rule. In each of these cases, we are able to formulate the theory solely in terms of
a primary submultiplet. We are able to set the secondary submultiplet to zero as
a constraint (as opposed to an equation of motion) without disturbing the off-shell
supersymmetry of the primary submultiplet. For general values of N this is not the
case and the treatment of the secondary submultiplet must handled carefully. The
simplest way to proceed is to impose the first equation in (2.9) without taking the
“trace” with the f -tensor and not use the second equation. Under this circumstance
we are guaranteed to find a manifestly off-shell supersymmetric system that includes
the KdV equation for all values of N .
The suggestion that the KdV equation admits N = 3, 4 supersymmetric exten-
sions was first made in reference [8] based on the use of harmonic superspace and
superconformal algebras. It is therefore useful to make some comparisons. Foremost,
since the off-shell structure of our formulation in (2.1) is determined from representa-
tions of the GR(d, N) algebras, we begin with a finite set of auxiliary fields compared
to the inifinite set required by harmonic superspace. For the N = 3 case we seem to
be in general agreement with regard to the on-shell theory. In particular, our UGR-
covariant formalism picks the a = 1 theory upon reduction to N = 2. For the N = 4
case we again agree with the previous results in terms of spectrum. However, after
reduction to N = 2 we find only the a = 1 theory whereas the most recent results of
Delduc et. al. seem to suggest that the a = 2, 4 cases are preferred. The source of
this disagreement is at present unclear.
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5 UGR-covariant Lax Operator
As discussed previously [6] by Ramos and Roca, there is a relation between spinning
particles and the Lax operator. In the following we first review this observation briefly
and make some modifications that will be convenient later in this section.
The action for the ordinary massless relativistic particle is well known to be de-
scribed by an action that contains an einbein (e), momentum (P ) and coordinate
(X),
L = −12 e
−1P 2 + P ( ∂τX ) , (5.1)
whose equations of motion follow from the calculus of variations as
P 2 = 0 , P = e ( ∂τX ) , ∂τP = 0 . (5.2)
Now motivated by the work of Ramos and Roca, let us perform the change of variable
described by
X˜ ≡ e
1
2X , P˜ ≡ e−
1
2P + 12 e
1
2 ( ∂τ ln e )X , (5.3)
and concentrate on the latter two equations in (5.2). These become
P˜ = ( ∂τX˜ ) , ∂τ P˜ = −U [e]X˜ , (5.4)
where U [e] is defined by
U [e] ≡ −12
[
( ∂2τ ln e ) +
1
2 ( ∂τ ln e )
2
]
. (5.5)
This quantity has a number of interesting properties including
U [J−1] =
(
f ′′′
f ′
)
− 32
(
f ′′
f ′
)2
≡ S(f) , (5.6)
where J ≡ ∂τf is the Jacobian of the coordinate transformation τ → f(τ) ≡
[exp(K)τ ], K = Kτ∂τ and S(f) is the Schwartzian derivative. Also under a scale
transformation of the einbein e→ e expλ(τ) (with λ(τ) an arbitrary function) we see
U [e exp λ(τ)] = U [e] − 12 (∇
2
τλ ) −
1
4 (∇τλ )
2 ,
∇τλ ≡ ∂τλ , ∇
2
τλ ≡ ( ∂τ + ( ∂τ ln e ) ) ∂τλ .
(5.7)
Since U(1) = 0, it follows that we can also write U(e) = −12 (∇
2
τ ln e ) +
1
4 (∇τ ln e )
2.
Clearly, the equations of (5.4) for X˜ and P˜ are derivable from the Hamiltonian
H = 12 [ P˜
2 + U [e]X˜2 ] . (5.8)
9
by use of a standard Poisson bracket. Finally the second order operator form of (5.4)
becomes [
∂2τ + U [e]
]
X˜ = 0. (5.9)
and this is the Lax operator (after we switch τ → x). In [6] this argument has
been extended to the case of the N = 1 spinning particle and the N = 1 SKdV
system. We should be able to find a UGR-covariant formulation by embedding the
component results into superfield equations involving the spinning particle superfields
in a manner that is independent of N and make the switch τ → x at the end.
We can easily embed these results into superfield equations. For example, (5.3)
can be seen to occur as components of the equations
Π˜I = E
−
1
2 ΠI + i
1
2 E
1
2
(
DI lnE
)
X , X˜ = E
1
2 X . (5.10)
Here X and ΠI denote superfields whose component formulation is described in refer-
ence [9] as well as in the appendix. The spinorial derivative DI due to (3.1) satisfies
[ DI , DJ } = −i 4 δI J ∂τ , (5.11)
and E denotes the superdeterminant of the 1D supergravity vielbein that satisfies,
[ EI , EJ } = −i4 δI JEτ , [ EI , Eτ } = 0 . (5.12)
Similarly, the results in (5.4) can be embedded into the following superfield equations
Π˜I = i
1
2DI X˜ , ∂τ Π˜I = −i
1
2UI[E] X˜ ,
UI[E] ≡ −
1
2
[ (
∂τDI lnE
)
+ 12
(
DI lnE
)(
∂τ lnE
) ]
.
(5.13)
Not surprisingly we find
UI[E expΛ] = UI[E] −
1
4
[
(∇τDIΛ ) + (∇I∂τΛ ) + (DIΛ ) (∂τΛ )
]
,
(∇τDIΛ ) ≡
[
∂τ +
(
∂τ lnE
) ]
(DIΛ ) , (∇I∂τΛ ) ≡
[
DI +
(
DI lnE
) ]
(∂τΛ ) ,
S(K) ≡ UI[J
−1] , J ≡ (1 · e
←
K) , K ≡ KIDI + K
τ∂τ ,
(5.14)
where on the last line above we have expressed the super-Schwartzian in terms of
the super-Jacobian of the coordinate transformation induced by the exponentiation
of the super-vector field K (i.e. the transformation (ζ I, τ)→ eK (ζ I, τ)).
Combining the first two equations of (5.16) we obtain{
∂τDI + UI[E]
}
X˜ = 0 , (5.15)
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as the UGR-covariant generalization of (5.9). For the case of N = 1, the operator in
this equation is precisely the super-Lax operator of reference [6]. Since this last equa-
tion is UGR-covariant, we propose that its interpretation as the super-Lax operator
should extend to all N.
6 Conclusion
One of the interesting points regarding supersymmetric systems is the proposal of
De Crombrugghe and Rittenberg that states that all supersymmetric systems with
N > 4 supersymmetry must necessarily be integrable systems. With this as a
background it is not surprising that our proposal for the ℵ0 supersymmetric extension
of the KdV equation should be made. However, we emphasize that we have not given
a proof that the system of equations in (2.9) (or (6.1) below) are completely integrable.
We believe that our results are robust. In fact it is tempting to conjecture that
the multiplet of (2.1) is universal for all supersymmetric integrable systems in the
sense that it provides the basic supersymmetry representations for these theories.
We should mention that there are lots of embeddings of the equations of integrable
systems into ℵ0-extended systems. What seems fairly unique about (2.1) are the close
relations to both spinning particle and 3D ℵ0-extended supersymmetric Yang-Mills
theory.
It is not such a great leap to propose that other integrable systems are amenable
to a similar treatment. For example, we propose that the Kadomtsev-Petviashvili
(KP) system [10] works much the same way and for exactly the same multiplet. We
begin by now assuming that each field in the multiplet of (2.1) depends on bosonic
variables (x, y, t) but we use exactly the same set of transformation laws. The only
difference is to replace the first equation in (2.9) by
0 = (fI J)j
i
[
∂2y wi
j + ∂x[ ∂twi
j + ∂3xwi
j + 6d−1wk
lwl
k∂xwi
j − 3 ∂x(uwi
j) ]
]
, (6.1)
while modifying (dropping where appropriate) the second equation of (2.9). Once
again if one studies the case of N = 2 utilizing the parametrization in section 2, then
(6.1) is found to contain the N = 1 theory [10] as well as the proposal for the N = 2
[12] theory.
Our present results suggest a number of interesting departures for the future.
Foremost, there is the issue of the rigorous proof of integrability for the ℵ0 super-
symmetric models. Should this prove to be the case, then an interesting situation
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develops. The ℵ0-extended supersymmetric integrable systems are embedded in 3D
ℵ0-extended supersymmetric Yang-Mills theories. In particular 3D ℵ0 supersymmet-
ric Chern-Simons theories (possibly coupled to matter) might then provide a universal
starting point. Such an approach would begin with ℵ0 supersymmetric non-Abelian
multiplets similar to (2.2) coupled to ℵ0 supersymmetric scalar multiplets [7, 11]
in such a way that the spin-1 field strength is algebraically related to currents con-
structed from the matter scalar multiplets. This constitutes an equation of motion for
a Chern-Simons matter-coupled system. With this possibility realized, we might be
able to construct an elementary proof that the supersymmetric version of the Atiyah
conjecture is false. The key point is that 4D self-dual supersymmetric Yang-Mills
theories when reduced to 3D can never produce via simple mechanisms any theories
that possess more than N = 8 supersymmetry! Thus, it appears that the role of 4D
self-dual theory as originally envisioned by Atiyah might be taken over instead by 3D
Chern-Simons and supersymmetric Chern-Simons theory as the universal generators
of all integrable systems.
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Appendix A: Explicit GR(4, 4) and GR(4, 3) Representations
As examples of the explicit form of the GR matrix representations used in the
text, we present here explicit results. In the GR(4, 3) case we define
(LI)ikˆ ≡ ( iσ
2̂ ⊗ σ1̂, iI⊗ σ2̂, iσ2̂ ⊗ σ3̂)ikˆ = − (RI)kˆi ,
(EI)ikˆ ≡ ( iσ
1̂ ⊗ σ2̂, iσ2̂ ⊗ I, iσ3̂ ⊗ σ2̂)ikˆ ,
(fI)ij ≡ ( iσ
2̂ ⊗ σ1̂, iI⊗ σ2̂, iσ2̂ ⊗ σ3̂)ij ,
(FI)ij ≡ ( iσ
1̂ ⊗ σ2̂, iσ2̂ ⊗ I, iσ3̂ ⊗ σ2̂)ij .
(A.1)
Here the matrices fI are related to the usual fIJ-matrices via the equation
fI J = ǫI JKfK . (A.2)
We note that explicit expressions for (LIEJ)ikˆ and (fIFJ)ij follow from the matrix
maultiplications
(LIEJ)ikˆ = (LI)ilˆ (I)l lˆ (EJ)lkˆ , (fIFJ)ij = (fI)il (FI)l j , (A.3)
respectively.
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In the case of GR(4, 4) we define,
(LI)ikˆ ≡ ( I⊗ I, iσ
2̂ ⊗ σ1̂, iI⊗ σ2̂, iσ2̂ ⊗ σ3̂)ikˆ = − (RI)kˆi ,(
Ê
I
)
ikˆ
≡ ( iσ1̂ ⊗ σ2̂, iσ2̂ ⊗ I, iσ3̂ ⊗ σ2̂)ikˆ .
(A.4)
The explicit forms of the matrices (fIJ)k
l and
(
f˜IJ
)
kˆ
lˆ follow from the definitions
below equation (3.1). For the matrices denoted by Ê
I
and F̂
I
, we simply use exactly
the same matrices as for the case of N = 3.
Appendix B: GR(d, N) Off-Shell Spinning Particle Supermultiplets
In this appendix, we simply include the component level description of the multi-
plets required to describe the off-shell spinning particle. First there is a supermultiplet
that contains the coordinate X . The complete multiplet and transformation laws are
given by,
δQX = iα
IΨI ,
δQΨI = −2 [ αI (∂τX) + d
−1αJ(fI J)i
jFj
i ] ,
δQFi
j = iαI (fI K)i
j(∂τΨK) + iα
K (LK)i
kˆΛkˆ
j ,
δQ Λkˆ
j = 2αK ∂τ [ (RK)kˆ
lFl
j + d−1(RI)kˆ
j(fIK)k
lFl
k ] ,
(B.1)
where the algebraic restrictions Fi
i = (LI)j
kˆΛkˆ
j = 0 are imposed.
Next there is a second supermultiplet that contains the canonically conjugate
momentum P. The complete multiplet and transformation laws take the forms,
δQ πI = αI P + d
−1αK (fK I)j
i Gi
j ,
δQ µi
kˆ = −αK (LK)k
kˆ Gi
k + d−1αK (LI)i
kˆ (fIK)k
l Gl
k ,
δQ P = −i 2αI ∂τπI ,
δQ Gi
j = −i 2 [ αJ (fI J)i
j ∂τπI + αK (RK)kˆ
j ∂τµi
kˆ ] ,
(B.2)
where the algebraic restrictions Gi
i = (RI)kˆ
iµi
kˆ = 0 are imposed.
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